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THE DARK SIDE OF GENERALIZED DEMAZURE CRYSTALS
JONAH BLASIAK
Abstract. Naoi [20] showed that tensor products of perfect Kirillov-Reshetikhin crys-
tals are isomorphic to certain generalized Demazure crystals. We extend Naoi’s results
to address distinguished subsets of these tensor products. In type A, these are naturally
described in terms of katabolizable tableaux which was key to resolving conjectures of
Shimozono-Weyman [25] and Chen-Haiman [2] in [1].
1. Introduction
Naoi [20] showed that tensor products of perfect Kirillov-Reshetikhin (KR) crystals are
isomorphic to certain generalized Demazure crystals introduced by Lakshmibai-Littelmann-
Magyar [14]. From this he obtained a Demazure operator formula for their characters
using the well-developed theory of Demazure crystals [5, 11, 14, 17]. This formed a key
step in his resolution of the X =M conjecture [19] in type D
(1)
n .
We extend Naoi’s result to match a larger class of generalized Demazure crystals with
certain subsets of tensor products of perfect KR crystals, termed Kirillov-Reshetikhin
affine Demazure (DARK) crystals. Our result follows directly from techniques of [20], but
the deep combinatorial consequences shown for type A in [1] motivate this presentation
of the results in the full generality of any nonexceptional type.
Naoi’s work encompasses several earlier results connecting Demazure and KR crys-
tals [4, 23, 24]. The emphasis in these works is on providing a model for KR crystals
using the well-developed theory of Demazure crystals, whereas here we are interested in
using KR crystals to understand generalized Demazure crystals. While there are combi-
natorial models of highest weight crystals for affine type [7, 8, 9, 16, 18] which lead to
explicit descriptions of generalized Demazure crystals, our explorations suggest that the
combinatorics afforded by DARK crystals is simpler. This is possible because the isomor-
phism between generalized Demazure and DARK crystals is combinatorially nontrivial,
roughly analogous to the different models for the Uq(gln)-highest weight crystal B(ν)
afforded by semistandard tableaux of shape ν versus those provided by an embedding
B(ν) →֒ B(λ)⊗ B(µ).
2. Background on crystals
We follow [20] almost completely and review the notation we will need, emphasizing
conventions which may not be well known.
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2.1. Affine Kac-Moody Lie algebras. Let g be a complex affine Kac-Moody Lie al-
gebra of nonexceptional type (i.e., of type A
(1)
n , B
(1)
n , C
(1)
n , D
(1)
n , A
(2)
2n−1, A
(2)
2n , or D
(2)
n+1). Let
I = {0, 1, . . . , n} be the Dynkin nodes and A = (aij)i,j∈I the Cartan matrix. Let h ⊂ g be
the Cartan subalgebra, which has a basis consisting of the simple coroots {α∨i | i ∈ I} ⊂ h
together with the scaling element d ∈ h. We have the linearly independent simple roots
{αi | i ∈ I} ⊂ h
∗, with pairings 〈α∨i , αj〉 = aij and 〈d, αi〉 = δi0 (i, j ∈ I). Let (a0, . . . , an)
(resp. (a∨0 , . . . , a
∨
n)) be the unique tuple of relatively prime positive integers that give a
linear dependence relation among the columns (resp. rows) of A.
Choose N ∈ Z≥1 and fundamental weights {Λi | i ∈ I} ⊂ h
∗ such that 〈α∨i ,Λj〉 = δij
and 〈d,Λj〉 ∈ N
−1Z for i, j ∈ I, the choices to be discussed further below. Let δ =∑
i∈I aiαi be the null root. Note that {Λi | i ∈ I} ⊔ {δ} is a basis of h
∗ and 〈α∨i , δ〉 = 0
for i ∈ I and 〈d, δ〉 = a0. Let P =
{
µ ∈ h∗ | 〈α∨i , µ〉 ∈ Z for i ∈ I, 〈d, µ〉 ∈ N
−1Z
}
=⊕
i∈I ZΛi ⊕Z
δ
a0N
⊂ h∗ be the weight lattice and P+ =
∑
i∈I Z≥0Λi + Z
δ
a0N
the dominant
weights.
Let cl : h∗ → h∗/Cδ be the canonical projection, and set Pcl = cl(P ) =
⊕
i∈I Z cl(Λi).
Let aff : h∗/Cδ → h∗ be the section of cl satisfying 〈d, aff(µ)〉 = 0 for all µ ∈ h∗/Cδ. Set
̟i = aff(cl(Λi − a
∨
i Λ0)) for i ∈ I0 := I \ {0}.
The affine Weyl group W can be realized as the subgroup of GL(h∗) generated by the
simple reflections si (i ∈ I), where si acts by si(µ) = µ − 〈α
∨
i , µ〉αi. Let W0 be the
subgroup generated by si for i ∈ I0.
Let ci = max{1, ai/a
∨
i } for i ∈ I0, and define M˜ =
⊕
i∈I0
Zci̟i ⊂ P . For µ ∈ M˜ , define
the translation tµ ∈ GL(h
∗) as in [6, Equation 6.5.2] and set T = {tµ | µ ∈ M˜}. These
satisfy tµtλ = tµ+λ and wtµw
−1 = tw(µ) for w ∈ W0 and µ, λ ∈ M˜ . Thus W˜ = W0 ⋉ T is
a subgroup of GL(h∗), called the extended affine Weyl group.
Let Σ ⊂ W˜ denote the subgroup which takes the set {αi | i ∈ I} to itself. Thus each
element τ ∈ Σ yields a permutation of I, which we also denote by τ ; it is an automorphism
of the Dynkin diagram, meaning that aij = aτ(i)τ(j) for all i, j ∈ I. (See [20, §2.2, §5.2]
for the explicit description of Σ as a set of permutations in each type.) There holds
W˜ ∼= W ⋊Σ. As discussed in [20, §2.2], we can choose N and 〈d,Λi〉 so that for all τ ∈ Σ,
τ(Λj) = Λτ(j) for all j ∈ I and τ(δ) = δ. Note that this implies W˜ preserves P .
2.2. Crystals. Let Uq(g) be the quantized enveloping algebra (as in [10]) specified by
the above data and the symmetric bilinear form (·, ·) : P × P → Q defined by (αi, αj) =
a∨i a
−1
i aij , (αi,Λ0) = a
−1
0 δi0, (Λ0,Λ0) = 0. It is generated by ei, fi, i ∈ I, and q
h, h ∈
P ∗ := HomZ(P,Z). Let U
′
q(g) ⊂ Uq(g) be the subalgebra generated by ei, fi, i ∈ I, and
qh, h ∈ P ∗cl =
⊕
i∈I Zα
∨
i . A Uq(g)-crystal (resp. U
′
q(g)-crystal) is a set B equipped with a
weight function wt: B → P (resp. wt : B → Pcl) and crystal operators e˜i, f˜i : B ⊔ {0} →
B ⊔ {0} (i ∈ I) such that for all i ∈ I and b ∈ B, there holds e˜i(0) = f˜i(0) = 0 and
wt(e˜ib) = wt(b) + αi whenever e˜ib 6= 0, and wt(f˜ib) = wt(b)− αi whenever f˜ib 6= 0;
εi(b) := max{k ≥ 0 | e˜
k
i b 6= 0} <∞, φi(b) := max{k ≥ 0 | f˜
k
i b 6= 0} <∞;
〈α∨i ,wt(b)〉 = φi(b)− εi(b);
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f˜i(e˜ib) = b whenever e˜ib 6= 0, and e˜i(f˜ib) = b whenever f˜ib 6= 0.
This agrees with the notion of a seminormal crystal in [12, §7]. We use the term crystal
to mean either a Uq(g)-crystal or U
′
q(g)-crystal.
A strict embedding of a crystal B into a crystal B′ is an injective map Ψ: B ⊔ {0} →
B′ ⊔ {0} such that Ψ(0) = 0 and Ψ commutes with wt, εi, φi, e˜i, and f˜i for all i ∈ I. It is
necessarily an isomorphism from B onto a disjoint union of connected components of B′.
For a Uq(g)-crystal B with weight function wt: B → P , its U
′
q(g)-restriction is the
U ′q(g)-crystal with the same edges as B and weight function cl ◦wt: B → Pcl.
For two crystals B1 and B2, their tensor product B1⊗B2 = {b1⊗ b2 | b1 ∈ B1, b2 ∈ B2}
is the crystal with weight function wt(b1 ⊗ b2) = wt(b1) + wt(b2) and crystal operators
e˜i(b1 ⊗ b2) =
{
e˜ib1 ⊗ b2 if φi(b1) ≥ εi(b2),
b1 ⊗ e˜ib2 if φi(b1) < εi(b2).
(2.1)
f˜i(b1 ⊗ b2) =
{
f˜ib1 ⊗ b2 if φi(b1) > εi(b2),
b1 ⊗ f˜ib2 if φi(b1) ≤ εi(b2).
(2.2)
Kirillov-Reshetikhin modules W r,s are finite-dimensional U ′q(g)-modules parameterized
by (r, s) ∈ I0 × Z≥1. For nonexceptional g, the W
r,s have crystal pseudobases [9, 21, 22],
and these yield U ′q(g)-crystals B
r,s known as KR crystals. We are interested in the subclass
of perfect KR crystals (see [8]); we will not work with the definition directly, but only
need the following from [3]: a KR crystal Br,s is perfect if and only if cr = max{1, ar/a
∨
r }
divides s.
2.3. Dynkin diagram automorphisms and crystals. For τ ∈ Σ and Uq(g)-crystals
(resp. U ′q(g)-crystals) B,B
′, a bijection of sets z : B → B′ is a τ -twist if
τ(wt(b)) = wt(z(b)), and
z(e˜ib) = e˜τ(i)z(b), z(f˜ib) = f˜τ(i)z(b) for all i ∈ I, where z(0) := 0.
Since τ(P ) = P and τ(δ) = δ, τ yields automorphisms of P and Pcl, and thus τ(wt(b))
belongs to P (resp. Pcl).
Proposition 2.1 ([23, Lemma 6.5], [20, Proposition 5.5]). For any KR crystal B and
τ ∈ Σ, there exists a unique τ -twist of U ′q(g)-crystals F
B
τ : B → B.
There is also a unique τ -twist FΛτ : B(Λ) → B(τ(Λ)) for any Λ ∈ P
+, where B(Λ) is
the Uq(g)-crystal of the irreducible Uq(g)-module of highest weight Λ [10, 12].
It is easily verified that if z1 : B1 → B
′
1 and z2 : B2 → B
′
2 are τ -twists, then so is
z1 ⊗ z2 : B1 ⊗B2 → B
′
1 ⊗B
′
2. Thus the tensor product of maps F
Λ1
τ ⊗F
Λ2
τ is the natural
choice of τ -twist from any tensor product B(Λ1)⊗B(Λ2) of highest weight Uq(g)-crystals,
Λ1,Λ2 ∈ P+. Using in addition Proposition 2.1, a similar τ -twist exists from any tensor
product of KR crystals and highest weight crystals to another such product, and we denote
it Fτ (these are the only crystals we will consider in this paper); for example, for a KR
crystal B, we denote by Fτ the map F
Λ0
τ ⊗F
B
τ : B(Λ0)⊗B → B(Λτ(0))⊗B, where B(Λ0)
and B(Λτ(0)) are regarded as U
′
q(g)-crystals by restriction.
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2.4. Generalized Demazure crystals. For a crystal B, S ⊂ B, and i ∈ I, define
FiS := {f˜
k
i b | b ∈ S, k ≥ 0} \ {0} ⊂ B.
For a reduced expression w = si1 · · · sim ∈ W , we write FwS for Fi1 · · · FimS when this is
well defined, i.e., does not depend on the choice of reduced expression. A Demazure crystal
is a subset of some highest weight Uq(g)-crystal B(Λ) of the form Bw(Λ) := Fw{uΛ} for
some w ∈ W , where uΛ is the highest weight element of B(Λ); it is well defined by [11].
A generalized Demazure crystal is a subset of a tensor product of highest weight crystals
of the form Fw1Fτ1
(
uΛ1⊗Fw2Fτ2
(
uΛ2⊗· · ·FwpFτp({uΛp}) · · ·
))
for some Λ1, . . . ,Λp ∈ P+,
w1, . . . , wp ∈ W , and τ1, . . . , τp ∈ Σ. The combinatorial excellent filtration theorem [14],
[5] states that uΛ1 ⊗Fw2{uΛ2} ⊂ B(Λ
1)⊗B(Λ2) is a disjoint union of Demazure crystals.
It follows that (see [20, Lemma 4.3])
Theorem 2.2. Any generalized Demazure crystal is a disjoint union of Demazure crystals
(and the above expression is well defined).
3. Matching generalized Demazure and DARK crystals
Lemma 3.1 ([10]). For any Λ,Λ′ ∈ P+, there is a strict embedding of Uq(g)-crystals
B(Λ +Λ′) →֒ B(Λ)⊗B(Λ′) determined by uΛ+Λ′ 7→ uΛ⊗ uΛ′; it maps B(Λ +Λ
′) isomor-
phically onto a connected component of B(Λ)⊗ B(Λ′).
Proof. It is well known [10] that B(Λ)⊗B(Λ′) is isomorphic to a disjoint union of highest
weight crystals. Since e˜i(uΛ ⊗ uΛ′) = 0 for all i ∈ I, it is the highest weight element of a
connected component isomorphic to B(Λ + Λ′). 
The following result gives a beautiful connection between Demazure and KR crystals;
part (i) is due to [8] and (ii) to [23, Theorem 6.1]. Let w0 be the longest element of W0.
Theorem 3.2. Let B = Br,crs be a perfect KR crystal. There is a unique element br,s ∈ B
satisfying ε0(b
r,s) = s and εi(b
r,s) = 0 for i ∈ I0. Put µ = crw0(̟r) and write tµ = yτ
with y ∈ W , τ ∈ Σ.
(i) There is a U ′q(g)-crystal isomorphism
θ : B(sΛ0)⊗ B
∼=
−→ B(sΛτ(0))
which maps usΛ0 ⊗ b
r,s 7→ usΛτ(0). Here, B(sΛ0) and B(sΛτ(0)) are regarded as
U ′q(g)-crystals by restriction—see §2.2.
(ii) θ maps the subset usΛ0 ⊗B onto the Demazure crystal By(sΛτ(0)) ⊂ B(sΛτ(0)).
Remark 3.3. It is convenient to allow s = 0 in Theorem 3.2, which holds (trivially)
with Br,0 = {br,0} defined to be the trivial U ′q(g)-crystal, i.e., wt(b
r,0) = 0 and e˜i(b
r,0) =
f˜i(b
r,0) = 0 for all i ∈ I. Note that B(0Λi) = B(0) = {u0} is the trivial Uq(g)-crystal.
Lemma 3.4. Let A and Z be U ′q(g)-crystals. Let u ∈ A, z ∈ Z, and j1, . . . , jm ∈ I, and
suppose that Fj1 · · · Fjm(u⊗z) ⊂ u⊗Z in A⊗Z. Then for any G = f˜
d1
j1
· · · f˜ dmjm , di ∈ Z≥0,
G(u⊗ z) = u⊗G(z).
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Proof. The containment tells us that each application of f˜i in computing G(u ⊗ z) can
only be applied to u if f˜i(u) = 0, but this would mean φi(u) = 0 and f˜i is applied on the
left tensor factor, which is not allowed by the tensor product rule (2.2). 
Lemma 3.5. Maintain the notation of Theorem 3.2 and in addition let w ≤ y in Bruhat
order and let w = sj1 · · · sjm be a reduced expression for w. Let C be any U
′
q(g)-crystal.
Then for any G = f˜ d1j1 · · · f˜
dm
jm
, di ∈ Z≥0, and c ∈ C, there holds G(usΛ0 ⊗ b
r,s ⊗ c) =
usΛ0 ⊗G(b
r,s ⊗ c) in the U ′q(g)-crystal B(sΛ0)⊗ B ⊗ C.
Proof. By Theorem 3.2, usΛ0 ⊗B = θ
−1(Fy(usΛτ(0))) = Fy(θ
−1(usΛτ(0))) = Fy(usΛ0 ⊗ b
r,s).
Hence Fj1 · · · Fjm(usΛ0 ⊗ b
r,s) ⊂ Fy(usΛ0 ⊗ b
r,s) = usΛ0 ⊗ B in B(sΛ0)⊗ B. This implies
Fj1 · · · Fjm(usΛ0 ⊗ b
r,s⊗ c) ⊂ Fj1 · · · Fjm(usΛ0 ⊗ b
r,s)⊗Fj1 · · · Fjm(c) ⊂ usΛ0 ⊗B⊗C. The
result then follows from Lemma 3.4 with A = B(sΛ0), Z = B ⊗ C. 
Theorem 3.6. Let Bj = B
rj ,crjλj for j ∈ [p] be perfect KR crystals with r = (r1, . . . , rp) ∈
(I0)
p and λ = (λ1 ≥ λ2 ≥ · · · ≥ λp ≥ 0), and set λ
j = λj − λj+1 with λp+1 = 0. Put
µj = crjω0(̟rj) and write tµj = yjτj with yj ∈ W and τj ∈ Σ. There is a strict embedding
(see §2.2) of U ′q(g)-crystals
Θr,λ : B(λ1Λ0)⊗ B1 ⊗ · · · ⊗ Bp → B(λ
1Λτ1(0))⊗ · · · ⊗ B(λ
pΛτ1τ2···τp(0)). (3.1)
Proof. Apply the isomorphism θ of Theorem 3.2 to the left two factors, then the strict
embedding of Lemma 3.1, then apply Fτ1θF
−1
τ1
to the second and third factors, and so on:
B(λ1Λ0)⊗ B1 ⊗ B2 ⊗ · · · ⊗Bp
∼=
−→ B(λ1Λτ1(0))⊗B2 ⊗ · · · ⊗ Bp
→֒ B(λ1Λτ1(0))⊗B(λ2Λτ1(0))⊗B2 ⊗ B3 ⊗ · · · ⊗ Bp
∼=
−→ B(λ1Λτ1(0))⊗B(λ2Λτ1τ2(0))⊗B3 ⊗ · · · ⊗ Bp
→֒ B(λ1Λτ1(0))⊗B(λ
2Λτ1τ2(0))⊗B(λ3Λτ1τ2(0))⊗B3 ⊗ · · · ⊗ Bp
· · ·
→ B(λ1Λτ1(0))⊗B(λ
2Λτ1τ2(0))⊗ · · · ⊗B(λ
pΛτ1τ2···τp(0)). 
Theorem 3.7. Maintain the notation of Theorem 3.6 and in addition let w1, . . . , wp ∈ W
with wi ≤ yi for all i. Then the subset
B := Fw1
(
b
r1,λ1 ⊗Fτ1Fw2
(
b
r2,λ2 ⊗ · · ·Fτp−1Fwp({b
rp,λp}) · · ·
))
⊂ B1 ⊗ · · · ⊗ Bp (3.2)
is well defined—we call it a DARK crystal—and the image of uλ1Λ0 ⊗ B under the strict
embedding Θr,λ is a generalized Demazure crystal:
Θr,λ(uλ1Λ0 ⊗ B) = Fw1Fτ1
(
uλ1Λ0 ⊗ Fw2Fτ2
(
uλ2Λ0 ⊗ · · ·FwpFτp({uλpΛ0}) · · ·
))
. (3.3)
Proof. Choose reduced expressions wi = sji,1 · · · sji,mi for all i ∈ [p]. For now, interpret
Fwi in (3.2) as Fji,1 · · · Fji,mi . Then we can specify an arbitrary element of uλ1Λ0 ⊗ B as
in (3.4) by choosing arbitrary Gi = f˜
di,1
ji,1
· · · f˜
di,mi
ji,mi
with di,1, . . . , di,mi ∈ Z≥0 for i ∈ [p].
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Tracing through the maps making up Θr,λ, we obtain
uλ1Λ0 ⊗G1
(
b
r1,λ1 ⊗Fτ1G2
(
b
r2,λ2 ⊗ · · ·Fτp−1Gp(b
rp,λp)
))
(3.4)
= G1
(
uλ1Λ0 ⊗ b
r1,λ1 ⊗Fτ1G2
(
b
r2,λ2 ⊗ · · ·Fτp−1Gp(b
rp,λp)
))
by Lemma 3.5
7→ G1
(
uλ1Λτ1(0) ⊗Fτ1G2
(
b
r2,λ2 ⊗ · · ·Fτp−1Gp(b
rp,λp)
))
by Theorem 3.2 (i)
= G1Fτ1
(
uλ1Λ0 ⊗G2
(
b
r2,λ2 ⊗ · · ·Fτp−1Gp(b
rp,λp)
))
by §2.3
7→ G1Fτ1
(
uλ1Λ0 ⊗ uλ2Λ0 ⊗G2
(
b
r2,λ2 ⊗ · · ·Fτp−1Gp(b
rp,λp)
))
by Lemma 3.1
= G1Fτ1
(
uλ1Λ0 ⊗G2
(
uλ2Λ0 ⊗ b
r2,λ2 ⊗ · · ·Fτp−1Gp(b
rp,λp)
))
by Lemma 3.5
7→ G1Fτ1
(
uλ1Λ0 ⊗G2
(
uλ2Λτ2(0) ⊗ Fτ2G3
(
· · · Fτp−1Gp(b
rp,λp)
)))
by Theorem 3.2 (i)
· · ·
7→ G1Fτ1
(
uλ1Λ0 ⊗G2Fτ2
(
uλ2Λ0 ⊗G3τ3
(
· · ·GpFτp(uλpΛ0)
)))
,
which is an arbitrary element of the right side of (3.3). Moreover, by Theorem 2.2, the
right side of (3.3) does not depend on the chosen reduced expressions for wi, so the same
goes for B since Θr,λ is injective. 
Let Z[P ] denote the group ring of P with Z-basis {eµ}µ∈P . The Demazure operators are
linear operators Di on Z[P ] defined for each i ∈ I by Di(f) =
f−e−αi ·si(f)
1−e−αi
, where si acts
on Z[P ] by si(e
µ) = esi(µ). We also have an action of Σ on Z[P ] given by τ(eµ) = eτ(µ).
For a reduced expression w = si1 · · · sim ∈ W , define the operator Dw = Di1 · · ·Dim on
Z[P ]; it is independent of the choice of reduced expression [13, Corollary 8.2.10].
Naoi [20, Theorem 7.1] showed that Θr,λ matches the statistic 〈d,wt(b)〉 on Uq(g)-
crystals to energy. Combining this with Theorem 2.2 and [20, Corollary 4.6] we obtain
Corollary 3.8. Maintain the notation of Theorem 3.7. The energy adjusted character
of the DARK crystal B agrees with the character of the generalized Demazure crystal in
(3.3) (call it B′), and both have the following Demazure operator formula:
eλ1Λ0+δC
∑
b∈B
e
aff(wt(b))−δ
D(b)
a0 =
∑
b∈B′
ewt(b) = Dw1τ1
(
eλ
1Λ0 ·Dw2τ2
(
eλ
2Λ0 · · ·Dwpτp(e
λpΛ0)
))
,
where D(b) is the energy of b and C ∈ Q is a constant which depends only on λ and r.
Remark 3.9. When wi = yi for all i ∈ [p], the DARK crystal B in (3.2) is equal to
B1 ⊗ · · · ⊗ Bp (this follows from Fyi{b
ri,λi} = Bi and [20, Lemma 5.15]). Thus Proposi-
tion 5.16/Corollary 7.2 of [20] are encompassed by Theorem 3.7/Corollary 3.8. Note that
the a0 appearing in Corollary 3.8 corrects a typo in [20, Corollary 7.2].
Remark 3.10. In Theorem 3.7 and Corollary 3.8, we can more generally allow wi of the
form wi = viw
′
i where vi ∈ W0 and w
′
i ≤ yi. Indeed, in the setting of Lemma 3.5, for any
j ∈ I0, f˜jG(usΛ0 ⊗ b
r,s ⊗ c) = f˜j(usΛ0 ⊗ G(b
r,s ⊗ c)) = usΛ0 ⊗ f˜jG(b
r,s ⊗ c) as f˜j(usΛ0)
= e˜j(usΛ0) = 0; hence the lemma holds more generally with w = vw
′ with v ∈ W0, w
′ ≤ y.
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For g of type A
(1)
n and r = 1 = (1, . . . , 1), Theorems 3.6 and 3.7 and Remark 3.10 give
Corollary 3.11. Let λ = (λ1 ≥ · · · ≥ λp ≥ 0) and set λ
j = λj − λj+1 with λp+1 = 0. Let
τ be the Dynkin diagram automorphism given by j 7→ j + 1 mod n + 1. Then there is a
strict embedding of U ′q(ŝln+1)-crystals
Θ1,λ : B(λ1Λ0)⊗B
1,λ1 ⊗ · · · ⊗ B1,λp → B(λ1Λ1)⊗ · · · ⊗ B(λ
pΛp). (3.5)
Moreover, for any w1, . . . , wp ∈ W0,
uλ1Λ0 ⊗ Fw1
(
b
1,λ1 ⊗ FτFw2
(
b
1,λ2 ⊗ · · ·FτFwp({b
1,λp}) · · ·
))
Θ1,λ
7−−→ Fw1
(
uλ1Λ1 ⊗ FτFw2
(
uλ2Λ1 ⊗ · · ·FτFwp({uλpΛ1}) · · ·
))
.
This result is used in [1] to connect the katabolism operations of Lascoux [15] and
Shimozono-Weyman [25] to generalized Demazure crystals. The combinatorial significance
of Theorem 3.7 for more general r and in other types remains to be explored.
Acknowledgments. We thank Katsuyuki Naoi and Jennifer Morse for helpful discus-
sions and Elaine So for help typing.
References
[1] Jonah Blasiak, Jennifer Morse, and Anna Pun. Demazure crystals and the Schur positivity of Catalan
functions. arXiv.
[2] Li-Chung Chen. Skew-Linked Partitions and a Representation-Theoretic Model for k-Schur Func-
tions. PhD thesis, UC Berkeley, 2010.
[3] Ghislain Fourier, Masato Okado, and Anne Schilling. Perfectness of Kirillov-Reshetikhin crystals for
nonexceptional types. In Quantum affine algebras, extended affine Lie algebras, and their applica-
tions, volume 506 of Contemp. Math., pages 127–143. Amer. Math. Soc., Providence, RI, 2010.
[4] Ghislain Fourier, Anne Schilling, and Mark Shimozono. Demazure structure inside Kirillov-
Reshetikhin crystals. J. Algebra, 309(1):386–404, 2007.
[5] Anthony Joseph. A decomposition theorem for Demazure crystals. J. Algebra, 265(2):562–578, 2003.
[6] Victor G. Kac. Infinite-dimensional Lie algebras. Cambridge University Press, Cambridge, third
edition, 1990.
[7] Seok-Jin Kang. Crystal bases for quantum affine algebras and combinatorics of Young walls. Proc.
London Math. Soc. (3), 86(1):29–69, 2003.
[8] Seok-Jin Kang, Masaki Kashiwara, Kailash C. Misra, Tetsuji Miwa, Toshiki Nakashima, and At-
sushi Nakayashiki. Affine crystals and vertex models. In Infinite analysis, Part A, B (Kyoto, 1991),
volume 16 of Adv. Ser. Math. Phys., pages 449–484. World Sci. Publ., River Edge, NJ, 1992.
[9] Seok-Jin Kang, Masaki Kashiwara, Kailash C. Misra, Tetsuji Miwa, Toshiki Nakashima, and Atsushi
Nakayashiki. Perfect crystals of quantum affine Lie algebras. Duke Math. J., 68(3):499–607, 1992.
[10] Masaki Kashiwara. On crystal bases of the Q-analogue of universal enveloping algebras. Duke Math.
J., 63(2):465–516, 1991.
[11] Masaki Kashiwara. The crystal base and Littelmann’s refined Demazure character formula. Duke
Math. J., 71(3):839–858, 1993.
[12] Masaki Kashiwara. On crystal bases. In Representations of groups (Banff, AB, 1994), volume 16 of
CMS Conf. Proc., pages 155–197. Amer. Math. Soc., Providence, RI, 1995.
[13] Shrawan Kumar. Kac-Moody groups, their flag varieties and representation theory, volume 204 of
Progress in Mathematics. Birkha¨user Boston, Inc., Boston, MA, 2002.
[14] Venkatramani Lakshmibai, Peter Littelmann, and Peter Magyar. Standard monomial theory for
Bott-Samelson varieties. Compositio Math., 130(3):293–318, 2002.
8 JONAH BLASIAK
[15] Alain Lascoux. Cyclic permutations on words, tableaux and harmonic polynomials. In Proceedings
of the Hyderabad Conference on Algebraic Groups (Hyderabad, 1989), pages 323–347, Madras, 1991.
Manoj Prakashan.
[16] Cristian Lenart and Alexander Postnikov. A combinatorial model for crystals of Kac-Moody algebras.
Trans. Amer. Math. Soc., 360(8):4349–4381, 2008.
[17] Peter Littelmann. Crystal graphs and Young tableaux. J. Algebra, 175(1):65–87, 1995.
[18] Peter Littelmann. Paths and root operators in representation theory. Ann. of Math. (2), 142(3):499–
525, 1995.
[19] Katsuyuki Naoi. Fusion products of Kirillov-Reshetikhin modules and the X = M conjecture. Adv.
Math., 231(3-4):1546–1571, 2012.
[20] Katsuyuki Naoi. Demazure crystals and tensor products of perfect Kirillov-Reshetikhin crystals with
various levels. J. Algebra, 374:1–26, 2013.
[21] Masato Okado. Existence of crystal bases for Kirillov-Reshetikhin modules of type D. Publ. Res.
Inst. Math. Sci., 43(4):977–1004, 2007.
[22] Masato Okado and Anne Schilling. Existence of Kirillov-Reshetikhin crystals for nonexceptional
types. Represent. Theory, 12:186–207, 2008.
[23] Anne Schilling and Peter Tingley. Demazure crystals, Kirillov-Reshetikhin crystals, and the energy
function. Electron. J. Combin., 19(2):Paper 4, 42, 2012. [Second author’s name now “Tingley” on
article].
[24] Mark Shimozono. Affine type A crystal structure on tensor products of rectangles, Demazure char-
acters, and nilpotent varieties. J. Algebraic Combin., 15(2):151–187, 2002.
[25] Mark Shimozono and Jerzy Weyman. Graded characters of modules supported in the closure of a
nilpotent conjugacy class. European J. Combin., 21(2):257–288, 2000.
Department of Mathematics, Drexel University, Philadelphia, PA 19104
E-mail address : jblasiak@gmail.com
